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Research Problem

Ynx1 = XnxpBpx1 + €nxt Wnx1 = XnxpYpx1 + Onx1

» Number of covariates p > sample size n.
> When p > n, [|Blo < k.

Zijian Guo Optimal Estimation of Co-Heritability



Research Problem

Ynx1 = XnxpBpx1 + €nxt Wnx1 = XnxpYpx1 + Onx1

» Number of covariates p > sample size n.
> When p > n, [|Blo < k.

Research Problems:

1. [18]15 and [|v]3.
2. (B,7).
3. (B:/Bl2llvl2-
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Motivation: yeast study

Media: YNB (Yeast Nitrogen Base) v.s. YPD (Yeast extract Peptone Dextrose)

Bloom, J. S., Ehrenreich, I. M., Loo, W. T,, Lite, T. L. V., & Kruglyak, L. (2013). Finding
the sources of missing heritability in a yeast cross. Nature, 494(7436), 234-237.
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The statistical problem

Model for YNB: y = X5 + ¢
Model for YPD: w = X~ +§

» Columns of X: SNPs.
» Number of SNPs= 4,410 > sample size=1,008.
» Sparse g and .
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The statistical problem

Model for YNB: y = X3+ ¢
Model for YPD: w = X~v+§

» Columns of X: SNPs.
» Number of SNPs= 4,410 > sample size=1,008.
» Sparse g and .

> Heritability: ||5]/3 and |||[2.

Bulik-Sullivan, B., et al.(2015). An atlas of genetic correlations across human diseases
and traits. Nature genetics, 47, 1236-1241.



The statistical problem

Model for YNB: y = X3+ ¢
Model for YPD: w = X~v+§

» Columns of X: SNPs.

» Number of SNPs= 4,410 > sample size=1,008.
» Sparse 3 and ~.

> Heritability: |35 and ||v|3.
» Genetic Covariance: (3,7).
» Genetic Correlation: (5,~)/[|5]l2/l7]l2-

Bulik-Sullivan, B., et al.(2015). An atlas of genetic correlations across human diseases
and traits. Nature genetics, 47, 1236-1241.
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Plug-in Scaled Lasso?

Scaled Lasso estimators

p

8.6 - |ly = XBlE | o 2.01logp 1 X2
,01} = argmin ———= + — + 1
18,011 5ER§,G1 ert  2No 2 n ; vn 1)1

o

9,6 W =2yl o2 2.01logp <=~ [1Zjll2
,02} = argmin ——= + — + 1
002} veRg,ageW 2no? 2 n 1:21 Jn il

Q: How about <§, ~)?
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Plug-in Scaled Lasso?

Scaled Lasso estimators

p

8.6 - |ly = XBlE | o 2.01logp 1 X2
,01} = argmin ———= + — + 1
18,011 5ER§,G1 ert  2No 2 n ; vn 1)1

o

9,6 W =2yl o2 2.01logp <=~ [1Zjll2
,02} = argmin ——= + — + 1
002} veRg,ageW 2no? 2 n 1:21 Jn il

Q: How about <§, ~)?

A: Too much bias!
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Plug-in De-biased Estimator?

De-biased Estimator:

E = 3 + Correction; 7 = 7 + Correction.
» Zhang & Zhang (2014);
» Javanmard & Montanari (2014);
» van de Geer, Bihlmann, Ritov & Dezeure (2014).

Q: How about <B, )?
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Plug-in De-biased Estimator?

De-biased Estimator:

E = 3 + Correction; 7 = 7 + Correction.
» Zhang & Zhang (2014);
» Javanmard & Montanari (2014);
» van de Geer, Bihlmann, Ritov & Dezeure (2014).

Q: How about <B, )?

A: Too much variance!
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Plug-in De-biased Estimator?

De-biased Estimator:

E = 3 + Correction; ~ = 7 + Correction.
» Zhang & Zhang (2014),

» Javanmard & Montanari (2014);
» van de Geer, Bihlmann, Ritov & Dezeure (2014).

Q: How about <B, )?
A: Too much variance!

Propose an estimator balancing bias and variance!
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Bias Correction

Error decomposition of (3,7):

(B.A) = (B,7) =—((7,8—B) + (B.y =) —(B-B,A—7) (1)

Main Error

Zijian Guo Optimal Estimation of Co-Heritability



Bias Correction

Error decomposition of (3,7):

(B.A) = (B,7) =—((7,8—B) + (B.y =) —(B-B,A—7) (1)

Main Error

Bias Correction Idea:

B.A+ 788+ (By—AN— (B =—B-B8A- (2

Main Error
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Estimation of (7, 8 — B8) + (8,7 — 7)

~

—~ ~ 1
6 X (y = XB) = (3.6 By B2 (w—23) = (B.r )
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~ ~

Estimation of (5, 8 — 8) + (3,v —7)

~1 1 ~ ~ o~ 1 ~ > ~
07 X7 (y=XB) = (3.5 - By W 2" (w—27) = (B.y— 7).

VA(UT X = XB) - G5 -B)) = X e/ (TS~ )5 - )

Variance Remaining Bias

1. J-uTXTe| X~ N(O,uTu) where T = 1XTX.

2. |VA(uTE=7) (8-5B)| < vAluTE = Fll15 - Bl
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~ ~

Estimation of (5, 8 — 8) + (3,v —7)

~1 1 ~ ~ o~ 1 ~ > ~
07 X7 (y=XB) = (3.5 - By W 2" (w—27) = (B.y— 7).

VA(UT X = XB) - G5 -B)) = X e/ (TS~ )5 - )

Variance Remaining Bias

1. J-uTXTe| X~ N(O,uTu) where T = 1XTX.

2. |VA(uTE=7) (8-5B)| < vAluTE = Fll15 - Bl

Uy :argmin{quu: IZu— A < ||5H2)\n}, (3)
UERP

where A\, < \/logp/n.
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FDE for (5, ~)

Functional De-biased Estimator (FDE)

N N ~
(B.a)=(BA) +1 X' (y_Xﬁ>+U;—EZT(W—Z’y). (4)

Estimation of Main Error
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FDE for (5, ~)

Functional De-biased Estimator (FDE)

~ 1 N 1 R
B = BA) +U X7 (y-XB) + U .27 (w-29). (&)

Estimation of Main Error

» Not the plug-in of de-biased estimators.
» Center of confidence intervals for (3, ).
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Theoretical Property

Theorem 1(G. et.al., 2016)

Suppose that k < Cmm{I 50 P Y+ with0 < v < 1/2 and
k = max{||5lo, [17llo}, then W|th high probability,

1 Klogp klogp
Vi )+ n o

B~ (89| (sl + )

» Variance + Bias.

> When k < 22 min{|8]l2, 17|z} > *%P, rate s
1
3 I
(1Bll2 + [171l2) N
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Theoretical Property

Theorem 1(G. et.al., 2016)

Suppose that k < Cmm{I 50 P Y+ with0 < v < 1/2 and
k = max{||5lo, [17llo}, then W|th high probability,

1 Klogp klogp
Vi )+ n o

B~ (89| (sl + )

» Variance + Bias.

> When k < 22 min{|8]l2, 17|z} > *%P, rate s
1
3 I
(1Bll2 + [171l2) N

» Optimal convergence rate
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Minimax Convergence Rate

Define

O (k,My) = {(B,X1,01,7,X2,02) : (B,%1,01) € G(k,My), (7, %2,02) € G(k,Mp)},

1
G (K, Mp) = {(B, £,0) 10 < k. 19l < Mo, g < Arin (E) < () < M, 0 < Mz}

with My > 1 and My > 0.
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Minimax Convergence Rate

Define

O (k,My) = {(B,X1,01,7,X2,02) : (B,%1,01) € G(k,My), (7, %2,02) € G(k,Mp)},

1
G (K, Mp) = {(B,Z,o) 1810 < K. Blle < Mo 7 < Arin (E) < s (£) < M, 0 < Mz}

with My > 1 and My > 0.

Theorem 2(G. et.al., 2016)

Suppose k < cmin {Io'g’p,p’/} for some constants ¢ > 0

and 0 < v < }. Then

. ~ . 1 klogp klogp | » 1
inf  su P 1- (8, me{M (——i— )-i— , M > -
1 Gee(kr?Mo) 0 (‘ (8 ’Y)‘ °\Vn n n 0 4

J
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Optimal Convergence Rate of Estimating (5, v)

My -
My
vn
) |
k'ipa ,,,,,,,,,,,,,,,,, ‘ (M0—|—1)k°%p
I
kloze
KO D
n Mg
0~ : — Kk
0 vn/logp n/log p
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Optimal Convergence Rate of Estimating (5, v)

My -
My
vn
[ |
k'ipA ,,,,,,,,,,,,,,,, | (M0+1)k°§,p
[
klose
KlOg D
n Mg
0~ , —k
0 v/n/log p n/log p

For My > 1/ X!°82  the optimal rate is achieved by FDE.
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FDE estimator of (5,v)/|8]2||v]]27?

1. How to estimate | 3//5?

» Correct the main error by ||B||§.
» Functional De-biased Estimator (FDE) of ||3]|3.
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FDE estimator of (5, 7)/|5]l2|v/l2?

1. How to estimate | 3//5?

» Correct the main error by ||B||§.
» Functional De-biased Estimator (FDE) of ||3]|3.

2. How to estimate (3, 7)/||8ll2/|v/l2?

R FDE of (8,7)

FDE of =
18[l2vl2 \/FDE of ||8]I2 x \/FDE of |73
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Simulation study: (5,7)/I|5]l2//vl2

MSE

0.02 0.04 0.06 0.08 0.10 0.12

0.00

Estimation of Genetic Correlation

7 Proposed Pid ‘ .
. 'd
= = - Lasso . 7z
‘ . s
b Debiased I 7
T T T T T T
0.15 0.20 0.25 0.30 0.35 0.40

True Value




Real Data Analysis

Media: YNB (Yeast Nitrogen Base) v.s. YPD (Yeast extract Peptone Dextrose)

Colony sizes under YNB and YPD
» Heritability of YNB: 0.4594
» Heritability of YPD: 0.6680
» Genetic Correlation/Covariance: 0.5195/0.4246
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A Related Problem — Accuracy assessment

Given data (X, y) and an estimator 3,

¢4 Accuracy Functional: || — 3/|2.
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A Related Problem — Accuracy assessment

Given data (X, y) and an estimator 3,

¢4 Accuracy Functional: || — 3/|2.

» The difficulty depends on the estimator E

1. Lasso estimator.
2. Zero estimator.
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A Related Problem — Accuracy assessment

Given data (X, y) and an estimator 3,

¢4 Accuracy Functional: || — 3/|2.

» The difficulty depends on the estimator E

1. Lasso estimator.
2. Zero estimator.

» Inference for ||B— BHZ: general lower bound tool.
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Estimation of (5,7)/|5]l2]|v/l2?

The optimal convergence rate of estimating ||B<||2||v>Hz over

{1182 = 70, l[7ll2 = 10}

) 1 hogp) 1 klogp
min{ — | —= + + = 10
{770 <ﬁ n mon
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Estimation of (5,7)/|5]l2]|v/l2?

The optimal convergence rate of estimating ||B<||2||v>Hz over

{1182 = 70, l[7ll2 = 10}

) 1 hogp) 1 klogp
min{ — | —= + + = 10
{770 <ﬁ n UL
1. g > 4/ k"j,gp, the optimal procedure is to plug in FDE of
(B,7), 18115 and [|7]5.
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Estimation of (5,7)/|5]l2]|v/l2?

The optimal convergence rate of estimating ||B<||2||v>Hz over

{1182 = 70, l[7ll2 = 10}

) 1 hogp) 1 klogp
min{ — | —= + + = 10
{770 <ﬁ n UL
1. g > 4/ k"j,gp, the optimal procedure is to plug in FDE of
(B,7), 18115 and [|7]5.

2. If o < 4/ 1982 just estimate it by 0.
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